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Abstract

The thermal stress fields in thermal barrier coating (TBC) system are studied in the present paper. The thermal stress
fields are induced by the non-linear coupled effect of temperature gradient, oxidation, thermal fatigue, creep, mor-
phology of TBC system as well as cooling rate. TBC system is assumed to be partially stabilized ZrO, by 8 wt.% Y,05
(PSZ) or mullite over a NiCrAlY bond coat sprayed on nickel superalloy or steel substrate. The TBC system is a
composite medium with four layers in cylindrical coordinate system. The temperature fields for the non-homogeneous
problem with energy generation in medium are analytical solved by using Taylor transformation and Green’s function
approach. The analytical solutions for thermal stress fields in composite medium are obtained when eigenstrain rate is
taken into consideration. The constitutive equations, such as the creep of ceramic coating (PSZ and mullite) and
substrate (Ni-superalloy), plasticity of bond coat are given by a general formula. Thermal growth oxidation (TGO) and
the temperature dependence of thermal-mechanical parameters are taken into consideration.

The calculated results of temperature fields and thermal stresses fields are given and the related results are discussed.
TGO does not affect the temperature fields in PSZ coating systems. But it has influence on temperature fields in mullite
coating systems. The residual stress with TGO considered is larger than that with TGO non-considered. It is very
interesting to have the conclusion that TGO may make the residual tangent stress from tensile to compressive. The
characterization of thermal stresses in PSZ coating system is very different from that in mullite coating system. It may
be due to the difference of mechanical behavior such as creep, thermal mismatch as well as mechanical mismatch which
is reflected by Dundurs’ parameters & and . The geometrical radius not only affects the quantum of thermal stress but
also affects the characterization of thermal stress. The effect of cooling rate on residual stress is due to the high creep
rate of ceramic coating operating at high temperature. The effect of cooling rate on residual stress is not large for system
operating at relative low temperature. © 2001 Elsevier Science Ltd. All rights reserved.
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1. Introduction

There is a strong demand for mitigating the carbon dioxide emission, which is one of primary causes for
global wasting effect. For fossil fuel fired power generation, the higher thermal efficiency is most effective for
reducing carbon dioxide emission. Development of the advanced gas turbine will create the next generation
electric power system (Amagasa et al., 1994; Yuri et al., 1997). The program included three developing
parts: (1) high-performance and high-reliability turbine vanes and blades, (2) hot parts cooling technology,
and (3) high temperature and low-NO, combustor. The materials of high-performance and high-reliability
include the high heat-resistance of new alloys and thermal barrier ceramic coating (TBC). The study of
TBC is to develop a technology to protect alloy and make it to operate at 1500°C and to realize 50% of
thermal efficiency. A TBC provides performance, efficiency, and durability benefits by reducing turbine
cooling air requirements and lowering metal temperatures. Before TBC system is used, the following
questions must be answered: How long does the TBC system service in the operational circumstance?
Although there has been much research on the prediction of TBC service life, there is not any code or model
that can clearly predict the service life of TBC system till now.

Previous research has demonstrated that there are some important effects on TBC operating life. The
first is thermal fatigue (Takeuchi and Kokini, 1994; Kokini et al., 1996; Zhu and Miller, 1998, 1999; Jian
et al., 1995). High temperature heating and low or fast cooling must induce thermal stress loading and
unloading for many cycles. The second is thermal growth oxidation (TGO) between bond coat and thermal
barrier ceramic coating (Cheng et al., 1998; Tolpygo et al., 1998; Ogawa et al., 1999; Tawancy et al., 1998;
Gell et al., 1999). Generally, the composition of TGO is brittle ceramic, such as alumina (Al,O;). The cycles
of high temperature loading and unloading not only make TGO to thicken but also make micro-voids and
micro-cracks formation in TGO. On the other hand, the degradation of TGO may induce the spallation or
delamination of thermal barrier ceramic coatings. The third is the surface roughness of bond coat (Cheng
et al., 1998; Wang and Evans, 1999; He et al., 1998). The effect makes the formation of tensile stress at the
peaks of interface undulation or compress stress at the valleys of interface undulation at cooling stage. The
fourth is oxygen and sulfur penetration along grain boundaries (Bernstein and Allen, 1992). Their effect
causes the thermal barrier ceramic coatings to thin and consequence the function of TBC is weakened.

There are many papers concerning the life prediction and failure mechanism of TBC system (Chaudhury
et al., 1997; Rejda et al., 1997; Wesling et al., 1994; Cruse et al., 1988; Barlett and Maschio, 1995; Newaz
et al., 1998; Wu et al., 1989, 1990; DeMasi-Marcin et al., 1990; Miller, 1989; Meier et al., 1992). As we
know, the temperature gradient along TBC system thickness direction and TGO between bond coat and
ceramic coating should have an important effect residual stress, thermal mechanical fatigue as well as creep
of TBC system. Therefore, the service life of TBC system is governed by the non-linear coupled effect of
temperature gradient, thermal growth oxidation, morphology of interface and the whole TBC system,
thermal fatigue, creep as well as residual stress.

The purpose of the investigation is to study the thermal stress fields in TBC system. The thermal stress
fields are induced by the non-linear coupled effect of temperature gradient, oxidation, thermal fatigue,
creep, morphology of TBC system as well as cooling rate.

2. Theoretical model

For the study of failure mechanism of thermal barrier ceramic coating system operating at high tem-
perature conditions, the physical map of temperature field and related thermal stress fields should be
the first concerned problem. Generally, the problem should be three dimensional. For simplicity, two-
dimensional problem is studied. Let us consider a cylindrical shell that comprises four layers as shown in
Fig. 1. The innermost layer marked number 1 is substrate that is super-alloy. The outermost layer is thermal
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Fig. 1. Scheme of the theoretical model for thermal stress fields in TBC system.

barrier ceramic coating that is marked number 4. The second and third layers which are marked by
numbers 2 and 3 are bond coat and thermal grown oxidation, respectively.

2.1. Temperature fields

2.1.1. Governing equations

In the determination of temperature fields, the following assumptions are given. (1) Energy is generated
inlayeri (i=1,2,...,M) at a rate of g;(r,¢) which may be induced by plastic work, where M = 4 for the
interested problem as schemed in Fig. 1. (2) Thermal deformation is infinitesimal so that the temperature
distribution can be solved based on initial configuration rather than on deformed ones. (3) Continuity of

heat flux is across interface and contact conductance 4; at interfaces r =r; (i = 1,2,..., M) exists.
The governing equation for the transient temperature field 7;(r,¢) in layer i, i = 1,2,..., M is
of; 10 oT; .
picp,-a—t =3 {rki(ﬂ)g] +g(rt) rn<r<rg, i=12,....M (1)

subject to the boundary conditions

[_kl%‘i‘thl} oy = Mf1(2), (2)
h S b= T)| L, =12 M, 3
ki% s = ki ag’:‘ s =12 M-, 4)
[kM aaif + har TM:| gy = M1 fu (1), (5

and the initial conditions:
Ti(r )= = F(r), rn<r<rg, i=12,....M. (6)

In the above equations, &, p, ¢, are, respectively, thermal conductivity, mass density and specific heat, ¢ is
time. Boundary conditions (2) and (5) present heat supply or loss with convection from outer boundary
surface r = ryr,; in temperature fy,.(¢f) and inner boundary surface » = r| in temperature f(¢), with heat
transfer coefficients #,,,; and #;, respectively. First and second kind of boundary conditions will be
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obtainable for outer or inner boundary surfaces by setting proper values for these coeflicients. For example,
for the first kind of boundary conditions k; = 0 and f;(¢) is boundary temperature in Eq. (2).

2.1.2. Transformation of the equations

Generally, all thermal parameters, such as thermal conductivity, mass density and specific heat are
temperature dependent. On the other hand, the thermal conductivity is more temperature-dependent than
other thermal physical parameters. In order to consider the effect of temperature-dependent parameters on
temperature fields, the following Taylor transformation is used,

O(rt) = / (0)de, (7)

ki(To)

where T is room temperature. Through Taylor transformation, the temperature fields governing Eqs. (1)-
(6) are changed to the following equations with variable ©;(r,):

00; 10/ 00, bi(T;) .
5 = bi( ,-)r o (r o ) +ki(Ti)gl»(r,t), rn<r<rgi=12....M (8)
subject to the boundary conditions
00,
— k()7 -+ m(1)61 |, = h(T)A), 9)
00;
_kl(TO)a—@r r=ris1 = hi+l(@i - @i+1) r=rip1’ = 1727 . aM - 17 (10)
a@i a@H—l _
ki(TO) or Ir=ri kl+1(T0) or  r=ra’ =12,....M—1, (11)
00y,
ke (To) o + hat(Ta) Ot ||, = Mot (Taa) fura (2), (12)
and the initial conditions:
1 Fi(r)
O, )]y = — / (&) dE = 3.(r), 1 <r<ri i=1,2... M. (13)
ki(TO) To

In the above equations, such as Egs. (9)—(11), zero-order approximation is used for 7; replaced by ©;. In Eq.
(8), b:i(T;) = (ki(T))/ (pi(T:)cp(Ti)) is thermal diffusivity.

2.1.3. Solution of temperature fields

The above equations about temperature field are a problem with non-homogeneous boundary condi-
tions. The problem should be transformed into the one with homogeneous boundary conditions (Ozisik,
1993). Generally, the orthogonal expansion technique is used to solve the homogeneous problem of
composite medium of finite thickness, while the Laplace transformation is used to solve the homogenecous
problem of composite medium of infinite and semi-infinite thickness. The Green’s function approach is used
for solving the non-homogeneous problem with energy generation in medium.

In order to transform the time-dependent problem into a one with homogeneous boundary conditions,
we consider O;(r,t) constructed by the superposition of three simple problems in the form:

Oi(r,1) = Ui(r, 1) + ()1 () + ¥ () fura (1), (14)
where the functions ¢,(r), ¥,(r) and ¥;(r) are given in Appendix A.
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2.2. Thermal stress fields

2.2.1. Governing equations
Thermal stresses are considered to be two-dimensional problem for thermal barrier ceramic coating
system. The general Hook’s constitutive relation in two-dimensional state can be written in rate form as

. I 1 . . : :

Epr = Z |:o-rr - 2(3 - K)(Grr + 0-1919):| + Err + nEzzv (15)
by = A Gy + I (16)
r) — 2/1 ) s

: 1. 1 . . : :

gy = o Oyy — 1(3 = K)(Gp + Gog) | + Egg + nE-. (17)

In the above equations, £ is used to denote the eigenstrain rate which maybe plastic strain rate, thermal
expansion strain rate, etc., as defined by Mura (1982). The eigenstrain rate E.. is the normal strain rate
perpendicular to the plane that is interested. Moreover, v denotes Poisson’s ratio k¥ = 3 — 4v, = v for plane
strain, and x = (3 —v)/(1 4+ v), # = 0 for plane stress.

2.2.2. The general solution for the displacement rate field

Due to axisymmetry, the displacement rate in r, ¢} directions can be expressed as i, = i(r, ), iy = 0. In
this case, by using the well-known equations of equilibrium equations and strain rate-displacement rela-
tions, the governing equations are readily obtained in terms of displacement rate i:
0f10d
— | = — (71 = X(r.t 18
|5 30| = X020, (19)

where

X(r,1) = K%Ll{ [(K + 1)%+ 2k — 1)%} (Ep +nEz) + [(3 - K)%— 2(k — 1)%} (o + ”Ezz>}

K—1 ou . . 0 (k+1 i . . 0 (3—x«
— = ==k, k)| = —— = — (Egy + k)| — .
(K—i—l)u{lar (Err 4 nEz) ar(rc—l'u>+ (Eoo +1Ez:) 6r<x—l“>}
(19)
The general solution to the above equation is given by
. B r 1 )
u(r,t) fArJr;Jrz/X(r, t)drfﬂ /r X(r,t)dr, (20)

where A and B are integral constants which are determined by boundary conditions for the composite
medium of finite thickness. The expression of displacement rate # for layer i can be written as

ui(ryt) = Air + % +rCi(r,t) + M, (21)
where
e 1
Grn =3 [ Xiodt, Dl =—3 [ EX(@0dt  relnal 22)

From the above equations,
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4#;‘ D,-(r, I)

. 1 B; 1
O i pia— Ai+§(1 - Ki)r—2+ci(’”af) +§(l = K;) 2 —Ei(r,0)|, (23)
where
+1 . . 3 — . .
E<r7 t) = KT (Err + 'IEzz> + TK (EW + nEZZ)- (24)

2.2.3. Boundary conditions at interfaces and on the outer surface

Generally, the boundary condition at a bonded interface between two phases is that traction and dis-
placements are to be continuous. Continuity of traction is nothing else but Newton’s third law and should
not be touched. Continuity of displacements is another matter. For example, the interface may slip or no
frictionless slip for the interface that is not bonded enough. In this case, the displacement may not be
continuous. Dundurs (1990) gave the boundary conditions at interfaces by thinking in terms of stretch
strains and curvature changes. The traction and displacement are continuous at interfaces for the bonded
interface condition. The boundary conditions at a geometrically smooth interface between two bonded
phases are written as

Gpi(Fisns ) = Gpigr (Fisn 1), i=1,2,... .M —1, (25)
Groi(Fiv1s ) = Gpoppt (Fiprs ), i=1,2,... M —1, (26)
Egpi(riv1s 1) = époint (risns 0), i=1,2,... .M —1, (27)
AKi(rip1,t) = AKioy (rigy,t), i=1,2,...,M — 1. (28)

In the above equations, K is the curvature. Therefore, Eq. (28) means the continuity of curvature change at
the interface. However, for a frictionless slipping interface, Eq. (27) does not exist and the shear stress g,y
should vanish.

For the present axisymmetrical problem, the shear stresses g, vanish. The Egs. (27) and (28) become to
be identical, that is the continuity of displacements at the interface. Therefore, the boundary conditions at a
geometrically smooth interface between two phases are finally written as

dr’ri<ri+17t) = d-rri+l(ri+l7t)> i= 1a2a"'7M_ 17
(29)
l:li(ri+1,t):l:li+1(ri+1,t), l:1,2,,M_1

For both of the bonded interface and frictionless slipping interface boundary conditions, outer surface
and inner surface are stress free:

O.-rrl (Fl,t) = 07 érrM(rMJrlat) =0. (30)

The related 2M constants 4; and B; for i = 1,2,..., M in Egs. (21) and (23) can be determined by the 2M
linear equations which are 2(M — 1) boundary conditions at interface described by Egs. (25) and (29) and
two boundary conditions described by Eq. (30). The 2M constants 4; and B; fori = 1,2,..., M are given in
Appendix B.
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3. Constitutive equations and thermal growth oxidation
3.1. Constitutive equations
The constitutive equation is a basic physical equation and it is essential for studying thermal stresses in

TBC system. The rate of deformation tensor D defined as the symmetric part of F-F~', where F is de-
formation gradient, can be decomposed into an elastic part D® and an eigen part D¢,

D = D° + D¢, (31)
The rate of elastic deformation is given by
1 v
cC_ __ |la_— -
D = [o lJrv(cs.I)I}, (32)

where I is second-order identity tensor and the notation A:B denotes dyadic product between tensor A and
B. In Eq. (31), D¢ is a linear function of the objective stress rate of Cauchy tensor 6, which is expressed by

6=6+06-W-W.g, (33)
where the dot over a character signifies the material time derivative:
0
6 :a—(;—i—v- (grade), (34)

and W is consider as a generalized spin tensor and v the particle velocity.

The rate of deformation tensor for eigen part D¢ is decomposed into creep strain rate tensor DP,
plastic strain rate tensor DP and temperature rise rate tensor D*™P, It is assumed that the material is
isotropy, therefore, the temperature rise rate tensor is written as

D™ = 7T, (35)

where « is thermal expansion coefficient. The partial differentials of creep potential function f or plastic
potential fin stress space give the creep rate tensor D or plastic strain rate tensor DP which is designated
by D as

. of
pn— 4% 36
dc’ (36)
where A is a proportionality factor. Squaring the above equation leads to
oL Sof of 1
Dy =_ A= = =_AJ 37
272706 0 2777 (37)

where DI and J, are, respectively, the creep strain rate invariant (or plastic strain rate invariant) and
deviator stress tensor S invariant. They are given by

Dy =ip":D", ), =1S:8S. (38)

Generally, the relation governing creep strain rate or plastic strain rate is obtained by experiment test for
one-dimensional shape sample. In order to obtain the relation of DI with J, by one-dimensional tensile or
compressive experiment\/l)iizn is thought to be equivalent creep strain rate or plastic strain rate and /J; is
thought to be equivalent stress (Zhou et al., 1997). By comparing Eq. (37) with one-dimensional tensile or
compressive experiment, the proportionality factor A in Eq. (37) can be obtained. Once the proportionality
factor A is known, the creep or plastic strain rate tensor D™ for Eq. (36) can be obtained. Finally, the
eigenstrain rate tensor D2 in Eqs. (15)—(17) can be obtained.
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3.2. Creep constitutive equations

As discussed above, when one-dimensional relation of creep rate with stress is tested, three-dimensional
creep constitutive equation can be derived. In the present study, the creep strain rates for ceramic coating
and substrate superalloy are given based on the ideas. Generally the constitutive relation for ceramic
coating and substrate superalloy can be unifiedly written as

Dy = Hexp( R%)(?Y(i)_s, (39)

where II, Q, n and s are, respectively, material constant, activation energy, stress exponent and time ex-
ponent. R is gas constant. 7 and ¢ are, temperature and time, respectively. oy and ¢, are, reference stress and
reference time, respectively.

3.3. Plastic constitutive equations

It is assumed that one-dimensional stress—strain relation for loading state is expressed by

where € and @ are, respectively, equivalent effective strain and stress. Therefore, Eq. (37) can be written as

ofo 1\do )
D=|=—=—-=]-— forl 41
> <6E E) 3 for oading state, (41)
=0 for unloading state. (42)

In the above equations, the criterion of loading or unloading is expressed as F' > 0 for loading and F < 0
for unloading, where

F = % [1 — é m] [(Jrr — O'm)G.r,- + (01919 — Gm)d'l},; + O'r,,)d'my]. (43)

3.4. Unified eigenstrain rate

Combing the above sections, the unified eigenstrain rate in Egs. (15)—(17) can be written in the following

form:
Er,:%ﬂexp( R%)<%>’l<%>_s+w52’+aﬂ (44)
o) (2) () 5 “
sz%ﬂexp< R%)(gz())n(é)S—F%Dp—kaT (46)

where o, is average stress. In the above expressions, the first term, second term and third term on the left
side are, respectively, the contribution of creep strain rate, plastic strain rate and temperature rise rate to
eigenstrain rate.
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3.5. Thermal growth oxidation

As we know, for TBC system operating at high temperature with long time the localized oxidation
between ceramic top coat/metallic (NiCrAlY) bond coat interface will take place. Oxidation of bond coat
has been repeatedly identified as one of the important factors affecting the ceramic top coating durability
during services. Some researchers have investigated the oxidation generation processing, oxidation thick-
ness as well as the life prediction of TBC system based on thermally grown oxidation. However, the
mechanisms by which oxidation facilitate TBC failure are poorly understood and require further charac-
terization. In the present investigation, it is assumed that the mixed layer exist between the bond coat and
top ceramic coating before the oxidation layer completely formation based on the experimental observation
(Ogawa et al., 1999). The mixed layer is the composites of Al,O; and bond coat and the chemical com-
positions in the mixed layer are change as time progress. The thickness of thermally grown oxidation is
obtained by fitting the experimental data (Itoh et al., 1998) as

= Jot", (47)
where @ is TGO thickness with unit of pym and ¢ is time with unit of s. 4y and 4, are parameters,
Jo = 10<(""/T)+b“)um/s_0‘45, (48)

where @y = —4150, by = 1.154 and T is temperature with unit of K. The parameter of 1, is 0.45. Therefore,
the thermally grown oxidation rate is written as

dw ) 1=(1/4y)
E = ),()/Ll (l_o> . (49)

4. Calculated results and discussion

In this section, the results concerning thermal stress fields for TBC system operating at high temperature
conditions are given as detailed as possible. The TBC system is schemed in Fig. 1. The ceramic coating
system is assumed to be partially stabilized ZrO, by 8 wt.% Y,0O; or mullite over a NiCrAlY bond coat
sprayed on nickel superalloy or steel substrate. In order to investigate the effect of different materials
combinations on the failure mechanism of TBC system, the following four different combinations are
studied: PSZ/Ni-alloy system, PSZ coating over a NiCrAlY bond coat on Ni-superalloy substrate; Mullite/
Ni-alloy system, mullite coating over a NiCrAlY bond coat on Ni-superalloy substrate; PSZ/Steel system,
PSZ coating over a NiCrAlY bond coat on steel substrate; Mullite/Steel system, mullite coating over a
NiCrAlY bond coat on steel substrate. In the following discussion, interface 1, 2 and 3 are defined as the
interfaces of substrate/bond-coat, bond-coat/TGO and TGO/TBC, respectively.

The thickness of substrate, bond coat and ceramic coating is, respectively, 0.20, 0.01 and 0.035 cm. The
inner radius of the cylindrical shell is 0.2 cm. In order to investigate the effect of TGO on the failure
mechanism of TBC system, the initial thickness of TGO is assumed to be 45 pm and the evolution of TGO
thickness is given in Eq. (49). The system is thought to be a problem of plan strain.

4.1. Thermal physical parameters
Generally, thermal-physical parameters are all temperature dependent. Due to the transformation of

expression (7), only two temperature-dependent parameters determine the temperature fields for TBC
system. The two parameters are thermal diffusivity b;(7;) in heat conduction equation (8) and thermal
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Table 1

Thermal conductivity k& (W cem~! K)
Temperature Substrate Bond coat TGO TBC
Q) Ni-alloy Steel PSZ Mullite
20 0.880 0.1647 0.058 0.1000 1.956 x 1072 5.160 x 1072
200 0.733 0.1647 0.075 7.794 x 1072 1.834 x 1072 4.915 x 1072
400 0.595 0.1647 0.095 6.029 x 1072 1.736 x 1072 4.627 x 1072
600 0.620 0.1647 0.120 5.074 x 1072 1.627 x 1072 4.254 x 1072
800 0.650 0.1647 0.145 4.412 x 1072 1.634 x 1072 3.729 x 1072
1000 0.681 0.1647 0.162 4.412 x 1072 1.681 x 1072 1.186 x 1072
1100 0.690 0.1647 0.170 4.000 x 1072 1.700 x 1072 3.600 x 1073

Table 2

Thermal diffusivity (cm?s™")
Temperature Substrate Bond coat TGO TBC
Q) Ni-alloy Steel PSZ Mullite
20 0.216 0.041 20.2 3.017 x 1072 7.500 x 1073 3.81 x 1073
200 0.160 0.041 23.0 2.351 x 1072 5.882 x 1073 3.07 x 1073
400 0.099 0.041 26.0 1.819 x 1072 5.147 x 1073 2.61 x 1073
600 0.131 0.041 28.5 1.531 x 1072 4.706 x 1073 2.30 x 1073
800 0.130 0.041 30.7 1.331 x 1072 4.647 x 1073 1.93 x 1073
1000 0.127 0.041 32.5 1.242 x 1072 4.706 x 1073 6.00 x 107*
1100 0.125 0.041 335 1.207 x 1072 4.706 x 1073 1.80 x 107#

conductivity &;(T;) in transformation (7). The thermal conductivity and diffusivity for TBC system are listed
in Tables 1 and 2, respectively. The thermal physical parameters for PSZ are obtained by analyzing the
experimental results of Hasselman et al. (1987), An et al. (1985) and Chung et al. (1985). The thermal
physical parameters for bond coat, i.e., NiCrAlY, are obtained by analyzing the experimental results of
Chung et al. (1985). Generally, thermally grown oxidation is so thin that the size effect is very important.
The thermal conductivity for thin TGO appears to have significantly lower thermal conductivity levels
compared to bulk materials at room temperature. For instance, electron-beam-evaporated Al,O; films a
few micrometers thick and anodized Al,O; coatings < 100 pm thick had thermal conductivity values al-
most an order of magnitude lower than the bulk materials (An et al., 1999). Considering the size effect
reported in An et al. (1999) and Rohde (1997), the parameters of thermal conductivity for TGO are ob-
tained from the results of Taylor (1998). The parameters of mass density and specific heat for TGO are
obtained from the results of Glandus and Tranchand (1993). The thermal physical parameters for mullite
and nickel superalloy substrate are taken from Schneider et al. (1994) and Betteridge (1984), respectively.
Therefore, the thermal diffusivity can be calculated and the results are listed in Tables 1 and 2.

4.2. Mechanical physical parameters

Young’s modulus, Poisson’s ratio and thermal expansion coefficient for substrate such as Ni-superalloy
and steel, bond coat NiCrAlY, TGO Al,O; and ceramic coating, such as PSZ and mullite are listed in
Tables 3-5, respectively. The mechanical parameters for substrate, bond coat, TGO and PSZ were taken
from Cheng et al., (1998) and the parameters for mullite were taken from Kokini et al. (1996).

In the calculation, the ceramic coating, such as PSZ and mullite, is considered to be elastic and creep.
The constants of creep for PSZ and mullite are taken from Thurn et al. (1997) and Kokini and Takeuchi
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Table 3
Young’s modulus (GPa)
Temperature Substrate Bond coat TGO TBC
Q) Ni-alloy Steel PSZ Mullite
20 220 207 200 400 48 30
200 210 207 190 390 47 30
400 190 207 175 380 44 30
600 170 207 160 370 40 30
800 155 207 145 355 34 30
1000 130 207 120 325 26 30
1100 120 207 110 320 22 30
Table 4
Poisson’s ratio
Temperature Substrate Bond coat TGO TBC
Q) Ni-alloy Steel PSZ Mullite
20 0.31 0.33 0.30 0.23 0.10 0.20
200 0.32 0.33 0.30 0.23 0.10 0.20
400 0.33 0.33 0.31 0.24 0.10 0.20
600 0.33 0.33 0.31 0.24 0.11 0.20
800 0.34 0.33 0.32 0.25 0.11 0.20
1000 0.35 0.33 0.33 0.25 0.12 0.20
1100 0.35 0.33 0.33 0.25 0.12 0.20
Table 5
Thermal expansion coefficient (x107¢/°C)
Temperature Substrate Bond coat TGO TBC
Q) Ni-alloy Steel PSZ Mullite
20 14.8 15.0 13.6 8.0 9.0 4.5
200 15.2 15.0 14.2 8.2 9.2 4.5
400 15.6 15.0 14.6 8.4 9.6 4.5
600 16.2 15.0 15.2 8.7 10.1 4.5
800 16.9 15.0 16.1 9.0 10.8 4.5
1000 17.5 15.0 17.2 9.3 11.7 4.5
1100 18.0 15.0 17.6 9.6 12.2 4.5
Table 6
The parameters of creep
Constants (™ 0 (kJmol™) n oy (MPa) S t (s)
PSZ 0.405 114 0.48 1.0 0.82 1.0
Mullite 3.42 x 1072 748 1.0 1.0 0.0 1.0
Ni-alloy 3.72 x 107% 0.0 14.4 1.0 0.0 1.0

(1996), respectively. The related constants are listed in Table 6. TGO is considered to be elastic. The bond
coat is considered to be elastic—perfectly plastic or linear hardening. The parameters of temperature-de-
pendent yield for bond coat were taken from Cheng et al. (1998) and the parameters are listed in Table 7.
The linear hardening modulus for bond coat is taken as 10.0 GPA. The substrate of Ni-superalloy is
considered to be plastic and creep. The one-dimensional stress—strain relation in Eq. (42) for substrate
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Table 7
Bond coat non-linear behavior
Temperature (°C) Yield strength (Mpa)
20 426
200 412
400 396
600 362
800 284
1000 202
1100 114

nickel base superalloy is obtained from the test results of Hyde et al. (1997). The constants of creep for
substrate Ni-superalloy are taken from Tabuchi et al. (1999). But the substrate of steel is considered to be
elastic and the parameters are taken from Nusier and Newaz (1998).

4.3. Temperature fields without thermal grown oxidation

In the present investigation, only first or second kind of boundary conditions is considered. The outer
surface is at the state of heating, high temperature hold and low or fast cooling. The inner surface is at the
state of heat insulation for time early 1200 s and after that time the surface is on the state of first kind of
condition. The temperature histories on outer and inner surfaces are shown in Fig. 2, where only first cycle
temperature histories are shown. The highest temperature for coating surface is 1000°C and the lowest
temperature for substrate surface is 700°C. The temperature histories for the boundary conditions are a
typical operating state for TBC system (Jian, 1996). Besides the continuity of heat flux across the interface
described by Eq. (3), the temperature was assumed to be continuous across the interface, i.e., perfect
thermal contact between two layers at interface. This means that the coefficient 4;,; in Eq. (3) is infinite. On
the other hand, the heat source is not considered.

Besides the histories of temperature on inner and outer surface, the temperature histories on interfaces
for different combinations of TBC system are also shown in Fig. 2. The spatial distributions of temperature
are shown in Fig. 3 at different time for different combinations of TBC. We can obtain the following results
by observing Figs. 2 and 3. First, although the inner surface is heat insulated, the temperature difference
between outer surface and inner surface is very little for time early 1200 s as shown in Fig. 3(a). The
maximum temperature difference exists in system 3, i.e., PSZ/Ni-superalloy, which is 2.22°C is shown in
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Fig. 2. Boundary conditions of temperature and histories of temperature at interfaces, where TGO is not considered.
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Fig. 3. Spatial distributions of temperature at different times: (a) 400, (b) 1600, (c) 2400, (d) 14000, and (e) 15200 s, where TGO is not

considered.

Figs. 2 and 3(a). Second, the temperature spatial distributions are very different for different combinations
of TBCs system. This is due to the difference of thermal physical parameters for different combinations of
TBCs system. The largest temperature difference for ceramic coating exists in PSZ/Ni-alloy system and that
is 288.31°C shown in Fig. 3(d) in the period of heat hold. The least temperature difference for ceramic
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coating exists in mullite/steel system, and that is 234.79°C. The highest temperature difference for substrate
exists in Mullite/Steel system, and that is 61.96°C in the period of heat hold. The least temperature dif-
ference exists in PSZ/Ni-alloy system, and that is 9.57°C. The highest temperature encountered to substrate
is 709.57°C for PSZ/Ni-alloy system, however, it is 761.97°C for Mullite/Steel system. Therefore, PSZ/Ni-
alloy system is optimum combination only if temperature field is considered for TBCs system operating at
above typical condition.

4.4. Temperature fields with thermal growth oxidation

The spatial distributions of temperature at a typical time in heat hold period, i.c., at 14000 s are shown
in Fig. 4. The difference of temperature spatial distribution cannot be seen for PSZ/Ni-alloy system with
and without considering TGO. The difference of temperature spatial distribution is little for PSZ/Steel
system with and without considering TGO. However, the difference of temperature spatial distribution can
be visualized in Fig. 4 for Mullite/Ni-alloy and Mullite/Steel systems with and without considering TGO.
The temperature difference in substrate for Mullite/Steel system without considering TGO is 61.96°C and
91.53°C with considering TGO.

4.5. Thermal stress for TBCs system at elastic state

Let us study the radial or tangent stress histories and spatial distribution for a typical TBC system, i.e.,
PSZ/Ni-alloy system at elastic state. First, the radial stresses are discussed. The histories of radial stress at
interfaces 1, 2 and 3 are shown in Fig. 5. At very early stage of heating, the radial stresses in interface are
both tensile without and with considering TGO. But the state of tensile radial stress maintains less than 8§ s.
After that time, the stresses are compressive in interfaces in the period of heating and heat hold. However,
the radial stresses become tensile on the end of cooling for every cycle of heating/cooling. The tensile
stresses are due to the mismatch of thermal expansion and are called residual stresses. The residual elastic
tensile stress is very little for TGO non-considered. The residual tensile stresses for TGO considered are
larger than that for TGO non-considered as shown in Fig. 6. It is also seen that the residual stresses for
TGO effect at interface 1 are much larger than that at interface 3. Fig. 7(a) and (b) show the spatial dis-
tribution of radial stress for TGO non-considered and TGO considered at different time. It is seen that the
maximum compressive or tensile stresses do exist at interfaces.
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Fig. 4. Spatial distribution of temperature at time of 14000 s.
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Fig. 6. Histories of radial stress o, at interface 3 for PSZ/Ni-alloy system at elastic state with or without considering TGO.

Second, the tangent stresses are discussed. The histories of tangent stress on outer surface are shown in
Fig. 8. At very early stage of heating, the tangent stresses are compressive without and with considering
TGO. But the state of compressive tangent stress maintains less than 12 s. After that time, stresses are
tensile on outer surface during heating and heat hold. However, the tangent stresses become compressive on
the end of cooling for every heating/cooling. The compressive stresses are due to the mismatch of thermal
expansion and are called residual stresses. Fig. 8 shows that the residual elastic compressive stress is very
little for TGO non-considered. The residual elastic compressive stresses for TGO considered are larger than
that for TGO non-considered as shown in Fig. 8. Fig. 9(a) and (b) show the spatial distribution of tangent
stress for TGO non-considered and TGO considered at different time. It is seen that the maximum tensile or
compressive stresses in TGO are much larger than that in substrate or bond and ceramic coating. This is
due to very large Young’s modulus of TGO as given in Table 3. It is very interesting to note the difference of
residual tangent stress shown in Fig. 9(a) and (b). The residual stresses are tensile for TGO non-considered
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and the residual stress are compressive for TGO considered. It is concluded that TGO may largely affect the
thermal stress fields. The TGO may make the residual tangent stress from tensile change to compressive.

4.6. Radial stresses for different combinations of TBC system

The spatial distributions of radial stress for different combinations of TBC system with considering TGO
are shown in Fig. 10. It is noted that the radial stresses are compressive in heating and heat hold period for
all combinations of TBC system. The radial stresses for all combinations of TBC systems become tensile on
the end of cooling. The tensile stresses in PSZ/Ni-alloy system and Mullite/Ni-alloy system are larger than
that in PSZ/Steel system and Mullite/Steel system. It is also noted that the maximum radial compressive or
tensile stresses exist in TGO and bond coat. It may be concluded that the TGO and bond coat may first
damage if only the radial stress is considered.

The histories of radial stresses at interfaces 1, 2 and 3 are, respectively, shown in Figs. 11 and 12 for TBC
system with TGO non-considered and TGO-considered. It is noted that the compressive or tensile stresses
shown in Fig. 12 are all much larger than those shown in Fig. 11. This means that the effect of TGO on
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Fig. 10. Spatial distribution of radial stress with considering TGO at different times: (a) PSZ/Ni-alloy system, (b) Mullite/Ni-alloy
system, (c) PSZ/Steel system, and (d) Mullite/Steel system.

thermal stresses in TBC system is very important. On the other hand, the compressive or tensile stresses for
TGO effect at interface 1 are much larger than those at interface 3. Inspecting Figs. 11 and 12, it is found
that there is an interesting phenomenon. We could classify the different combinations of TBC systems as
two coating systems which are, named as PSZ coating system and mullite coating system. In PSZ coating
system the residual radial stresses become more and more low for many cycles of heating/cooling. After
some finite cycles of heating/cooling, the residual stress becomes compressive and not tensile. However, in
mullite coating system, the residual radial stresses become more and more high for many cycles of heating/
cooling. The residual stress is permanently tensile.

Why is there the difference of stress characterization between PSZ coating and Mullite coating? In-
specting the creep constitutive of coating, one can find that the creep rate for PSZ is much larger that for
mullite. For example, at 1 h with temperature of 1000°C and equivalent stress of 1200 MPa, the creep rate
for PSZ and mullite are, respectively, 3.10 x 1077 s7!, 2.48 x 107 s~!. On the second reason, the mismatch
of thermal and mechanical properties of ceramic with substrate is also very different for PSZ coating and
mullite coating. For example, Dundurs’ parameters @ and f defined by Dundurs (1969) can reflect the
mechanical mismatch,
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Fig. 11. Histories of radial stresses at interfaces 1, 2 and 3 with TGO non-considered: (a) Ni-alloy substrate, and (b) steel substrate.
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OC_F(;c2+1)+(;c1+1)’ ﬂ_F(;c2+1)+(;<1+1)’ (50)

where I' = yu, /1,, the subscripts 1 and 2 denote ceramic and substrate, respectively. By inspecting Dundurs’
parameters @ and f§ as shown in Fig. 13(a) and (b), one finds that 3 and  both decrease with the increase of
interface temperature for PSZ coating system. However, & and f both increase with the increase of interface
temperature for mullite coating system. The characterizations of Dundurs’ parameters @ and § depending
on the interface temperature may lead to the distinct characterizations of thermal stress for PSZ coating
and mullite coating systems. There should be relation of thermal stresses with Dundurs’ parameters & and f.
The relation is yet not known and it may be obtained by non-dimensional analysis. On the other hand, what
is the thermal mismatch to reflect the distinct characterizations of thermal stress for PSZ coating and
mullite coating systems? The problem will be discussed further.
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Fig. 12. Histories of radial stresses at interfaces 1, 2 and 3 with TGO considered: (a) Ni-alloy substrate, (b) Steel substrate, (c) PSZ/
Steel system, and (d) Mullite/Steel system.

4.7. Tangent stresses for different combinations of TBC system

Fig. 14 shows the spatial distribution of tangent stresses for different combinations of TBC systems. It is
seen that the tangent stress is not continuous across the interface. The tangent stress in one layer is different
from that in other layers. First, let us inspect the tangent stress characterization in TBC system without
considering TGO for the first cycle of heating/cooling. Generally, the tangent stress in ceramic coating is
higher than that in bond coat or substrate in heat hold for TGO non-considered. However, the state is
different for cooling period. On the end of cooling, the tangent stress in bond coat is higher than that in
ceramic coating or substrate. The tangent stress in ceramic coating is tensile in the period of heat hold and
that is compressive on the end of cooling. Second, let us inspect the tangent stress characterization in TBC
system with considering TGO for the first cycle of heating/cooling. It is found that the tangent stress in
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TGO is much larger than that in other layers both in heat hold and on the end of cooling. The residual
compressive tangent stress in ceramic coating for TGO considered is much larger than that in ceramic
coating for TGO non-considered.

As discussed above for radial stress characterization, the combinations of TBC systems also can be
classified as PSZ coating system and mullite coating system. Fig. 15 shows the comparison of tangent stress
characterization in PSZ coating system and mullite coating system. In PSZ coating system, the residual
tangent compressive stresses become more and more high for many cycles of heating/cooling. But in mullite
coating system, the residual tangent is almost constant for many cycles of heating/cooling. In all TBC
systems, the residual radial tensile stress is low or it is compressive. The radial stress may not cause the
damage of interface. But the more and more high residual compressive tangent stress in ceramic coating
may cause the ceramic coating damage in the form of delamination as studied by He et al. (1998) and Wang
and Evans (1999).

The problem of delamination cracking was studied by Zhou and Hashida (1999) for the existence of
radial tensile or compressive stress and temperature gradient in TBC system. The failure of TBC system is
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the comprehensive effect of radial stress and tangent stress with temperature gradient in TBC system.
Generally, it is the compressive load in ceramic coating that leads the coating delaminating for typical TBC
system such as PSZ/Ni-alloy. This also means that the failure of TBC system is the non-linear coupled effect
of temperature gradient, oxidation, thermal fatigue, and creep.

4.8. The effect of geometrical radius on thermal stress

Fig. 16 shows the effect of geometrical radius on thermal stress and the effect can be clearly seen. The
residual radial stress is tensile for o = 0.2 cm and that is compressive for 7y = 1 cm. The residual radial
compressive stress is almost constant when ry > 5 cm. The residual tangent stress is compressive for rg < 5
cm and it is tensile for 7y > 5 cm. The residual tangent tensile stress is almost constant when ry > 10 cm. It is
concluded that the geometrical radius not only affects the quantum of thermal stress but also affects the
characterization of thermal stress. For example, the compressive tangent stress for the system in small
radius may become tensile stress for the system in large radius. The change of compressive tangent stress to
tensile tangent stress may largely affect the mode of crack formation and propagation, such as vertical crack
or interface crack, as observed in failure experiment in TBC by laser beam thermal shock (Jian et al., 1995;
Jian, 1996).

4.9. The effect of cooling rate on thermal stress

Generally, the system may encounter some special condition. In this case, the system may stop operating
and the system is suddenly cooled. In order to investigate the effect of cooling rate on the TBC system
failure mechanism. The radial stresses for PSZ/Ni-alloy system at different operating temperature condi-
tions are given in this section. Fig. 17 shows the histories of radial stress at interface 3 for different outer
surface temperatures and cooling time. Fig. 18 shows the residual tangent stress on outer surface after three
cycles of heating/cooling.

First, it is seen that the residual radial stress is tensile for system operating at 1000°C, and it is com-
pressive for system operating at 1200°C. The residual stress becomes more and more large after many
cycles of heating/cooling for the system operating at 1200°C. However, the residual stress after 3 cycles of
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Fig. 16. The effect of geometrical radius on thermal stress, (a) residual radial stress at interface 3 on the end of cooling for three cycles
of heating/cooling, (b) residual tangent stress on outer surface on the end of cooling for three cycles of heating/cooling.
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Fig. 18. Residual tangent stress on outer surface after three cycles of heating/cooling: outer surface temperature is (a) 1000°C and (b)

1200°C.

heating/cooling is almost same as that after 1 cycle of heating/cooling for the system operating at 1000°C. It
is known that the creep rate is temperature dependent as shown in Eq. (39). The creep rate of ceramic
coating at 1200°C is much higher than that at 1000°C. Therefore, the residual stress for system operating at
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high temperature is much larger than that at relative low temperature.

Second, it is seen that there is an effect of cooling rate on residual tangent stress. As shown in Fig. 18, the
residual tangent stress at cooling rate of 40°Cs™!, i.e., cooling time of 30 s is much higher than that at
cooling rate of 0.8°C s, i.e., cooling time of 1500 s. The difference of residual tangent stress is not too large
when cooling rate is lower than 4°Cs™!, i.e., cooling time ¢ > 300 s. There is no obvious difference for the

effect of cooling rate on tangent stress when TBC system operates at 1200°C and 1000°C.

1600
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5. Concluding remarks

In the present article, the thermal stress fields in TBC system are studied. The stress fields are induced by
the non-linear coupling effect of temperature gradient, oxidation, thermal fatigue, creep, and morphology
of TBC system as well as cooling rate. The TBC system is assumed to be partially stabilized ZrO, by 8 wt.%
Y,0; or mullite over a NiCrAlY bond coat sprayed on nickel superalloy or steel substrate. In order to
investigate the effect of different materials combinations on the failure mechanism of TBC system, four
different combinations of TBC system are studied. The four systems are PSZ coating over a NiCrAlY bond
coat on Ni-superalloy substrate, mullite coating over a NiCrAlY bond coat on Ni-superalloy substrate,
PSZ coating over a NiCrAlY bond coat on steel substrate and mullite coating over a NiCrAlY bond coat
on steel substrate. The TBC system is a composite medium with four layers in cylindrical coordinate
system. First, the temperature fields for the non-homogeneous problem with energy generation in medium
are analytical solved by using Taylor transformation and Green’s function approach. Second, the analytical
solutions for thermal stress fields in composite medium are obtained when eigenstrain rate is taken into
consideration. Third, the constitutive equations, such as the creep of ceramic coating (PSZ and mullite) and
substrate (Ni-superalloy), plasticity of bond coat are given by a general formula. Fourth, the thermal grown
oxidation and the temperature dependence of thermal-mechanical parameters are taken into consideration.

The calculated results of temperature fields and thermal stresses fields are given and the related results
are discussed. When TGO is not considered, the highest temperature difference for substrate exists in
mullite/steel system and the least temperature difference exists in PSZ/Ni-alloy system. The highest tem-
perature encountered to substrate is 709.57°C for PSZ/Ni-alloy system, however, it is 761.97°C for mullite/
steel system. Therefore, the PSZ/Ni-alloy system is an optimum combination only if temperature field is
considered for TBC system operating at above typical condition. TGO does not affect the temperature fields
in PSZ coating systems. But it has effect on temperature fields in mullite coating systems. It makes the
temperature difference be high in substrate.

The elastic stress fields for PSZ/Ni-alloy show that the radial stress is compressive and tangent stress is
tensile in the period of heating and heat hold. The maximum values for compressive or tensile radial stresses
exist at interfaces. The residual stresses are very little when TGO is not considered. The residual stress with
TGO considered is larger than that with TGO non-considered. It is very interesting to conclude that the
TGO may make the residual tangent stress from tensile to compressive.

The characterization of thermal stresses in PSZ coating system is very different from that in mullite
coating system. The residual radial stresses become more and more low for many cycles of heating/cooling
in PSZ/Ni-alloy system. After some finite cycles of heating/cooling, the residual stress becomes compressive
and not tensile. However, the residual radial stresses become more and more high for many cycles of
heating/cooling in mullite coating system. The residual stress is permanently tensile. In PSZ coating system,
the residual tangent compressive stresses become more and more high for many cycles of heating/cooling.
But in mullite coating class, the residual tangent is almost constant for many cycles of heating/cooling. The
difference of stress characterization in PSZ coating system and mullite coating system is discussed. It may
be due to the difference of mechanical behavior, such as creep, thermal mismatch and thermal expansion
coefficients as well as mechanical mismatch, which is reflected by Dundurs’ parameters @ and f.

The effect of geometrical radius of TBC system on thermal stress is very obvious. The geometrical radius
not only affects the quantum of thermal stress but also affects the characterization of thermal stress. The
compressive tangent stress for the system in small radius may become tensile stress for the system in large
radius. The change of compressive tangent stress to tensile tangent stress may largely affect the mode of
crack formation and propagation, such as vertical crack or interface crack, as observed in failure experi-
ment in TBC system by laser beam thermal shock (Jian et al., 1995; Jian, 1996). The effect of cooling rate on
residual stress is studied. The effect is due to the high creep rate of ceramic coating operating at high
temperature and the effect is not large for system operating at relatively low temperature.
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In conclusion, the failure of TBC system is the comprehensive effect of radial stress and tangent stress
with temperature gradient in TBC system. Generally, it is the compressive load in ceramic coating that
leads to the coating delaminating. This also means that the failure of TBC system is the non-linear coupled
effect of temperature gradient, oxidation, thermal fatigue, creep, morphology of TBC system as well as
cooling rate.
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Appendix A
In this appendix, the functions ¢,(r), ¥,(r) and 9;(r,7) in Eq. (14) are given in the following. First the

function ¢,(r) is given as

r

¢,.(r)A,-+B,-ln<r), i=1,2,....M, (A1)

where the 2M coefficients 4; and B; fori = 1,2, ..., M are determined by the following 2M linear equations:
1 K

A —B——=1 A2
1 Ir1 hl 9 ( )
i ki T 1 i .
A,-—A,-+1+B,{lng+ﬁ—} Bl =0, i=1,2,... M1, (A.3)
r hiy1 i r
ki (Tt
B; — By (7o) =0, i=12,....,M—1, (A.4)
ki1 (To)
k 1
Ay +BM< i +1n rM“) =0. (A.5)
hasr T r
Second, the function y,(r) is given as
V() =C+DInl, i=12,... M, (A.6)
r

where the 2M coefficients C; and D; fori = 1,2,..., M are determined by the following 2M linear equations:

Ci—Di——=0 A7
1 1]”1 hl ) ( )
i ki(Tt 1 i
C,— Coy + Dy In (o) D™ =0, i=1,2,... M1, (A.8)
r hiyi Tin1 r
(T
D,-—D,-HM:O, i=1,2,...,M—1, (A.9)

ki1 (To)
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Ry Farst r

CM+DM< ka1 +1nVM“>_1. (A.10)

Third, the function ¥;(r,t) is given as

XM:{ / Gy 16 ) d:+/ dr/ Gy, 11C, r)[,[;(( g%g}f@v”] dg}’ (A1)

rn<r <;,+1, i=1,2,....M,
where
g =)~ (éi B0 + () i (), (A12)
2 (F) = 30 — [BPAQ) + (P frasa (O)]. (A13)

In expression (A.12), the primes denote differentiation with respect to ¢. The composite medium Green’s
function Gy;(r, 1|, ) is defined as

X R 1 k(T
Gyl = > e {/_( V) g, (r) 0,0 (0). (A14)

n=1

S
—~
’\'.ﬂ
~

The norm N, is given by

M )
ki(To) [0,
N, = / & ()dL. A.15
O ARG (A15)
Jj= j
In the above presentations, ®;,(r) and @,,(r) are the eigenfunctions which are given by
i
0,(r) = U | —Por )+ vm [ ), (A16)
bi(T;) bi(T;)
where Jy(x) and Yy(x) are zero-order Bessel function of the first and second kind, respectively. The 2M
coefficients U;, and V}, for i = 1,2,... M are determined by the following 2M linear equations:
Un[=kiJy(x1ar1) + o (x1,m1)] + Vig[=ki Y (x1a71) + I Yo(x1,m1)] = 0, (A.17)

Uin[—kiJy(Xinris1) — hirJo(Xinri1)] + Vil —=ki Yy (Xinri1) — hisr Yo (xinti1)]

+ Ui+1,n[hi+1J0(xi+1,nri+l)] + Vi+1,n[hi+1YO(xi+17nri+l)] = Oa (A.lS)
(]in [kiJ(/)(xinri+l)] + V;n [k[Yé(Xianrl)} - lji+l,n[ki+1J(;(xi+l,nri+l)] - I/;Jrl,n [kl+1Y0,(xi+l,nri+l)] = 07 (Alg)
Untn [kt o (nantra1) + PagrJo (amPaer)] + Vim ke Yo (s ars1) + Pagr Yo(amrar11)] = 0. (A.20)

In the above 2M linear equations, 4, = | and x;, = (,/+/b:(T;)). The primes denote differentiation with
respect to r. The transcendental equation for the determination of the eigenvalues §;, < ff, < --- < ff, < ---
is obtained from the requirement that the determinant of the coefficients in the system of Eqs. (A.16)—(A.20)
vanish.
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Appendix B

In this appendix, 2M constants 4; and B; for i = 1,2, ..., M in Egs. (21) and (23) are determined by the
following 2M linear equations:

1 B 1 Dy (r,t
At ()2 = i - S0 -k 2D g ), (B.1)
i 2 r
1 B, pw. rki—1 1 B
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